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 In the milling of sculptured surfaces, cutting forces and the final part accuracy can be affected by surface 
curvatures. In this paper, an analytical formulation containing the explicit form of the principal curvatures of 
surface is developed for extracting the engagement boundaries between a ball-end mill and a sculptured 
surface, and the effect of surface curvatures on the milling forces is investigated. To this end, first, a 
mechanistic cutting force model is presented for calculating the milling forces acting on a ball-end tool. 
Orthogonal to oblique cutting technique is used to calculate the cutting force coefficients, and the model is 
verified by comparing the predicted milling forces with the existing ones in the literature. Then, parametric 
studies are performed to investigate the effects of cutting depth and surface curvatures on the milling forces. 
The results show that at a constant cutting depth, the milling forces are more influenced by the surface 
curvatures at the concave and saddle regions of the surface in comparison with the convex regions. 
Furthermore, for constant values of curvatures, the effect of surface curvatures on the milling forces increases 
as the cutting depth decreases. In other words, as the cutting depth decreases, neglecting the effect of surface 
curvatures results in more relative error in the calculated milling forces. Furthermore, the obtained results 
show that the surface curvature perpendicular to the feed direction has more influence on the milling forces 
than the curvature in the feed direction. 
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2 Ball-end mill 
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�Ä�] �Ä�¿�Â�¼�¿�� �½�Y�Â�À�Ÿ�, �‰�Z�f�À�Ì�f�·�M�� �Á�� �Ê�·3 �•�{ �º�Ì�ˆ�¬�e�� �Z�]�� �{�Â�y�� �Ä� �·�Z�˜�» ���É�|�À�]

�½�Z�¼�·�Y�� �Ä�]�� �•�Y�‚�]�Y �{�� �®�q�Â�¯�� �Ê�¸�Ì�ˆ�¿�Y�€�¨�Ë�{�� �É�Z�Å���Á�� �É�•�Â�v�»�� �É�Z�f�‡�Y�•�� �•

���Ê�‹�€�]�� �\�Ë�Y�€�“�� �,�½�Z�¼�·�Y�� �€�Å�� �É�Á�•�� �€�]�� �¶�Ë�Z�»�� �‰�Y�€�e�� �‘�€�§�� �•�Y�� �Ã�{�Z�¨�f�‡�Y

�®�Ì�f�ˆ�Ì�¿�Z�°�»�� �É�Á�€�Ì�¿�� �µ�|�»�� �É�Y�€�]4 �Ã�{�Y�{�� �•�Y�� �Ã�{�Z�¨�f�‡�Y�� �Z�]�� �Y�• ���‰�Y�€�e�� �É�Z�Å

�Ä�]�� �Á�� �|�»�Z� �f�» ���¶�Ë�Z�»�� �Ä�]�� �|�»�Z� �f�»�� �d�·�Z�u�� �•�Y�� �¶�Ë�|�^�e�� �–�]�Y�Á�•�� �É�€�Ì�³�•�Z�¯

�� �|�¿�{�€�¯�� �Ä�^�‡�Z�v�»]2[ .�� �ž�m�€�»�� �•�{]4[ �� �®�Ë�®�Ì�f�ˆ�Ì�¿�Z�°�»�� �µ�|�» ���É�Y�€�]

�Ä�^�‡�Z�v�» �Z�Å�Á�€�Ì�¿���Ä�]���Ã�{�•�Y�Á���É���Ä�‡�Z�¼�·�Y���Ä�r�¤�Ì�e���É�Y�•�Y�{���É�Á�€�¯�€�‡���•�€�§���•�Y�‚�]�Y

���ž�m�€�»���•�{���Á]5[ �˜�«���•�{���•�Y�‚�]�Y���}�Â�¨�¿���c�Y�€�i�Y�Ä�  ���Z�]���Ê�‹�€�]���É�Z�Å�Á�€�Ì�¿���€�]���•�Z�¯

�€�œ�¿���•�{�f�§�€�³�Â�f�‡�Ó�Y���¶�°�‹���€�Ì�Ì�¤�e���¾-�Ä�W�Y�•�Y���Ã�{�Z�»���®�Ì�f�‡�Ô�a �Ã�|�‹  �d�‡�Y .

�Â�W�Z�¯5 �É�Y�€�]���Ê�·�|�»���‚�Ì�¿���½�Y�•�Z�°�¼�Å���Á �Ä�^�‡�Z�v�» ���Z�]���É�•�Z�¯�•�€�§���É�Z�Å�Á�€�Ì�¿���•�{

�€�œ�¿ ���|�¿�{�€�¯���Ä�W�Y�•�Y���•�Y�‚�]�Y���d�Ë�‚�¯�€�»���•�Y���k�Á�€�y���c�Y�€�i�Y���¾�f�§�€�³]6[.  

                                                             
1 Cutting depth 
2 Cutter-workpiece engagement (CWE) 
3 Lee and Altintas 
4 Mechanistic 
5 Cao 

�Š�Å�Á�„�a�� �¹�Á�{�� �Š�z�]�� �•�{ �µ�|�»�� �,�¾�Ì�Œ�Ì�a�� �É�Z�Å ���É�Z�Å�Á�€�Ì�¿�� �É�•�Z�‡

�Ä�]�� �É�•�Z�¯�•�€�§ �€�i�R�»�� �Ê�‡�|�À�Å�� �É�Z�Å�€�f�»�Y�•�Z�a�� �Ã�Y�€�¼�Å �•�{ �|�À�Ë�Y�€�§ ���|�À�¿�Z�»

�� �Ê�À�v�À�»�� �•�Y�‚�]�Y�� �É�Z�Å�€�Ì�ˆ�» �d�Æ�m�� �,�¶�°�‹ ���t�˜�‡�� �Ä�]�� �d�^�ˆ�¿�� �•�Y�‚�]�Y�� �É�€�Ì�³

�Ä� �˜�« �\�Ì�‹���s�Â�˜�‡���É�•�Z�¯�•�€�§���,�•�Z�¯ ���{�•�Â�»���Ã�Y�Â�z�·�{���¶�°�‹���Z�]���s�Â�˜�‡���Á���•�Y�{

�Ã�{�Â�]���Ä�m�Â�e �d�‡�Y .�Y�Â�°�Ë�Y6 ���{�Â�y���Ä� �·�Z�˜�»���•�{���½�Y�•�Z�°�¼�Å���Á�µ�|�»���Ä�] ���É�•�Z�‡

�Ä�¿�Y�Â�f�‡�Y�� �s�Â�˜�‡�� �É�•�Z�¯�•�€�§�� �Ê�¸�Ì�¸�v�e ���Á�� �|�À�f�y�Y�{�€�a�� �€� �¬�»�� �Á�� �[�|�v�»�� �É�Y

�Z�v�»���5�Ê�‡�|�À�Å���–�]�Y�Á�•�€�Ì�Ì�¤�e���Ã�{�Y�€�]���d�»�Z�z�“���Ä�^�‡ �¶�°�‹  �Y�•���Ä�f�§�Z�Ì�¿ ���É�Y�€�]

�d�·�Z�u ���t�˜�‡�� �®�Ë�� �É�Á�•�� �É�Á�€�¯�€�‡�� �•�Y�‚�]�Y�� �d�¯�€�u�� �¦�¸�f�z�»�� �É�Z�Å

�Ä�¿�Y�Â�f�‡�Y �� �|�¿�{�€�¯�� �Ä�W�Y�•�Y�� �É�Y]7[. �µ�|�»�� �Ä�]�� �‚�Ì�¿�� �½�Y�•�Z�°�¼�Å�� �Á�� �Â�W�Z�¯ ���É�•�Z�‡

���Z�]���t�˜�‡���\�Ë�€�¬�e���Z�]���•�Y�{�Z�À�v�¿�Y���s�Â�˜�‡���Ã�•�Â�v�»�|�À�q���É�•�Z�¯�•�€�§���•�{���Z�Å�Á�€�Ì�¿

�� �|�À�f�y�Y�{�€�a�� �É�Á�€�¯�� �t�˜�‡�� �®�Ë�� �•�Y�� �Ã�{�Z�¨�f�‡�Y]8[ .�� �ž�m�€�»�� �•�{]9[ 

�Ä�œ�v�·���d�»�Z�z�“ �Ä� �˜�«���Á���•�Y�‚�]�Y���É�€�Ì�³�•�{���Ä�Ì�u�Z�¿���É�Z�Å�•�€�»���Á���Ã�{�Y�€�]���É�Y ���•�Z�¯

�Ä�‡�� �É�•�Z�¯�•�€�§�� �•�{ �†�Ë�|�À�e�� �s�Â�˜�‡�� �Ã�•�Â�v�» �d �y�Y�Â�À�°�Ë�� �•�Y�Á7 ���•�{�� �Á

�c�Z� �·�Z�˜�» ]10�� �,11[ �µ�|�» �Ä�À�Ì�Æ�]�� �Á�� �É�•�Z�‡ �� �É�•�Z�‡�|�À�Ë�Y�€�§ ���É�•�Z�¯�•�€�§

�l�À�a �Ã�|�‹���¹�Z�n�¿�Y���É�Á�€�¯�€�‡���Ê�f�Œ�´�¿�Y���•�€�§���•�Y�‚�]�Y���Z�]���Ã�•�Â�v�» �d�‡�Y.   

�½�Z�¼�Å �t�˜�‡�� �É�Z�Å�Z�À�v�¿�Y�� �,�|�‹�� �Ã�•�Z�‹�Y�� �0�Ô�^�«�� �Ä�¯�� �•�Â�— �†�Ë�|�À�e ���•�Y�Á

�Ä�] �Ä� �˜�«���Á���•�Y�‚�]�Y���É�€�Ì�³�•�{���Ä�Ì�u�Z�¿���€�]���º�Ì�¬�f�ˆ�»���•�Â�— ���€�]���Ä�n�Ì�f�¿���•�{���Á���•�Z�¯

�|�¿�•�Y�~�³�€�Ì�i�P�e�� �É�•�Z�¯�•�€�§�� �É�Z�Å�Á�€�Ì�¿ .�Ä�¿�Â�¼�¿ �Ã�{�Y�{�� �•�Y�� �É�Y ���Ê�]�€�n�e�� �É�Z�Å

�½�Z�Œ�¿ ���Á�� �•�Y�‚�]�Y�� �Ä�‡�|�À�Å�� �•�Y�� �•�Z�y�� �–�Ë�Y�€�‹�� �®�Ë�� �É�Y�€�]�� �€�Ì�i�P�e�� �¾�Ë�Y�� �Ã�|�À�Å�{

�Ä� �˜�« ���ž�m�€�»���•�{���•�Z�¯]8[ �Ä�W�Y�•�Y  �Ã�|�‹ �d�‡�Y .�Ä�] ���É�•�Z�Ì�ˆ�]���•�{���Ä�°�À�Ë�Y���¶�Ì�·�{

�µ�|�»�� �•�Y �É�Y�€�]�� �{�Â�m�Â�»�� �É�Z�Å ���É�Z�Å�Z�À�v�¿�Y�� �•�Y�� �É�€�Ì�³�•�{�� �Ä�Ì�u�Z�¿�� �Ä�^�‡�Z�v�»

�¥�€�•�� �t�˜�‡ �Ä�]�� �Ä�°�À�Ë�Y�� �Z�Ë�� �Á�� �Ã�|�‹�� �€�œ�¿ ���{�•�Y�Á�� �–�]�Y�Á�•�� �•�{�� �Ê�À�¼�“�� �•�Â�—

�Ã�|�‹ �µ�|�»�� �¾�Ë�Y�� �–�‡�Â�e�� �®�Ë�€�f�»�Y�•�Z�a�� �c�Z� �·�Z�˜�»�� �¹�Z�n�¿�Y�� �,�|�¿�Y ���Z�]�� �Z�Å

�d�Ë�{�Á�|�v�» ���Ä�m�Y�Â�»���Ê�Ë�Z�Å �d�‡�Y .���Ä�À�Ì�»�•���•�{���É�{�|� �f�»���c�Z� �·�Z�˜�»���|�À�q�€�Å

�µ�|�» ���É�Y�€�]���Z�Å�Á�€�Ì�¿���É�•�Z�‡�|�À�Ë�Y�€�§ �†�Ë�|�À�e���s�Â�˜�‡���É�•�Z�¯�•�€�§ ���{�Â�m�Á���•�Y�Á

�Y���,�{�•�Y�{�Ä� �·�Z�˜�»���,�½�Z�³�|�À�ˆ�Ë�Â�¿���Ê�‡�•�€�]���ª�^�—�� �Z�» ���É�Á�•���€�]���®�Ë�€�f�»�Y�•�Z�a���É�Y

�†�Ë�|�À�e�� �t�˜�‡�� �É�Z�Å�Z�À�v�¿�Y�� �€�i�Y �¾�Ì�À�r�¼�Å�� �Á�� �•�Y�Á �Ê�‡�•�€�] ���¶�]�Z�¬�f�»�� �c�Y�€�i�Y

�Z�Å�Z�À�v�¿�Y �{�•�Y�|�¿���{�Â�m�Á���É�•�Z�¯�•�€�§���É�Z�Å�Á�€�Ì�¿���É�Á�•���€�]���É�€�Ì�³�•�{���ª�¼�Ÿ�� �Z�] .

���É�Z�Å�•�€�»�� �k�Y�€�z�f�‡�Y�� �É�Y�€�]�� �Ê�¸�Ì�¸�v�e�� �µ�|�»�� �®�Ë�� �Ä�W�Y�•�Y�� �Z�]�� �Ä�·�Z�¬�»�� �¾�Ë�Y�� �•�{

�Ä� �˜�«���Á���•�Y�‚�]�Y���É�€�Ì�³�•�{���Ä�Ì�u�Z�¿ �M���•�{���Ä�¯���•�Z�¯�Ê�¸�•�Y���É�Z�Å�Z�À�v�¿�Y���½8 ���t�˜�‡

�]���É�€�Ì�³�•�{���ª�¼�Ÿ���Á�Ä �Ê�»���{�•�Y�Á���–�]�Y�Á�•���•�{���t�Ë�€�•���•�Â�— �|�¿�Â�‹���Ä� �·�Z�˜�»���Ä�]���,

�Ê�»�� �Ä�f�y�Y�{�€�a�� �•�Â�¯�~�»�� �c�Y�€�i�Y �{�Â�‹ .�Ê�¸�¯�� �d�·�Z�u�� �•�{�, �Ä�] ���¶�Ì�·�{

�Ê�³�|�Ì�r�Ì�a ���•�{���Ä�¯���Ê�‡�|�À�Å���É�Z�Å�|�À�Ë�Y�€�§ �†�Ë�|�À�e���s�Â�˜�‡���É�•�Z�¯�•�€�§ ���•�Y�Á

�µ�|�»�� �,�{�•�Y�{�� �{�Â�m�Á�� �É�Á�€�¯�€�‡�� �•�€�§�� �•�Y�‚�]�Y�� �Z�] ���½�{�€�¯�{�•�Y�Á�� �Z�]�� �Z�Å�Á�€�Ì�¿�� �É�•�Z�‡

�˜�‡�� �Ê�‡�|�À�Å�� �c�Z�Ì�W�‚�m�Ä� �˜�«�� �t ���\�m�Â�»�� �½�M�� �É�Z�Å�Z�À�v�¿�Y�� �|�À�¿�Z�»�� �•�Z�¯

�µ�|�»�� �|�¿�Á�•�� �Ê�³�|�Ì�r�Ì�a �Ê�»�� �É�•�Z�‡ �{�Â�‹ .���€�“�Z�u�� �®�Ë�€�f�»�Y�•�Z�a�� �Ä� �·�Z�˜�»

�Ê�» �¥�€�•���Ä�¯���Ê�Ë�Z�˜�y���½�Y�‚�Ì�»���|�¿�Y�Â�e �€�œ�¿ ���•�{���t�˜�‡���É�Z�Å�Z�À�v�¿�Y���•�Y���½�{�€�¯

                                                             
6 Ikua 
7 Monotonic 
8 Principal curvatures 



  

�†�Ë�|�À�e���t�˜�‡���É�Z�Å�Z�À�v�¿�Y���€�i�Y���Ä� �·�Z�˜�» �É�•�Z�¯�•�€�§���É�Z�Å�Á�€�Ì�¿���€�]���•�Y�Á  �É�|�u�Â�»���Z�“�•�|�¼�v�»���,�Ê�¿�Z�]�€�«���|�¼�v�»  
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�Ê�»���{�•�Y�Á���l�Ë�Z�f�¿���•�{���¦�¸�f�z�»���–�Ë�Y�€�‹ �|�À�¯���¾�Ì�Ì� �e���Y�•���|�À�¯.   

  

2- ���Ä�‡�|�À�Å�|�À�Ë�Y�€�§  

�� �É�Z�Å�€�f�»�Y�•�Z�a�� �¾�Ì�]�� �•�Z�^�e�•�Y�|�À�Ë�Y�€�§ �Å�Á�€�Ì�¿�� �Z�]�� �t�˜�‡�� �Ä�‡�|�À�Å�� �Á���É�Z

�Ä� �˜�«���Á���•�Y�‚�]�Y���É�€�Ì�³�•�{���Ä�Ì�u�Z�¿���ª�Ë�€�—���•�Y���É�•�Z�¯�•�€�§ �Ê�»���•�Y�€�«�€�]���•�Z�¯ �{�Â�‹ .

���É�Z�Å�Á�€�Ì�¿���É�Á�•���€�]���É�€�Ì�³�•�{���ª�¼�Ÿ���Á���t�˜�‡���É�Z�Å�Z�À�v�¿�Y���€�i�Y���Ä� �·�Z�˜�»���É�Y�€�]

�Ä�]�� �É�•�Z�¯�•�€�§ ���¶�»�Y�Â�Ÿ�� �€�Ë�Z�‡�� �Ä�¯�� �Ê�˜�Ë�Y�€�‹�� �d�‡�Y�� �¹�•�Ó�� �,�¶�¬�f�ˆ�»�� �•�Â�—

���Ä�Ì�u�Z�¿�� �d�Ì� �«�Â�»�� �Á�� �•�Y�‚�]�Y�� �d�¯�€�u�� �•�Á�Z�n�»�� �É�Z�Å�€�Ì�ˆ�»�� �Ä�¸�•�Z�§�� �Ê�À� �Ë

�� �•�{�� �•�Y�‚�]�Y�� �É�Á�€�¯�� �Š�z�]�� �É�Á�•�� �€�]�� �É�€�Ì�³�•�{�Ì�y�{�� �½�M���€�œ�¿�|�»�� �|�À�‹�Z�^�¿�� �¶

�{�€�Ì�³���•�Y�€�« .�¾�Ì�¼�Å���Ä�] �•�Â�œ�À�»���¶�°�‹���ª�]�Z�˜�»���,1 �|�À�Ë�Y�€�§ ���®�Ë���Ê�¿�•�•�Z�Ì�‹

�†�Ë�|�À�e�� �t�˜�‡ ���µ�Z�»�€�¿�� �•�Y�{�€�]�� �É�Z�f�‡�Y�•�� �•�{�� �•�Y�‚�]�Y�� �•�Â�v�»�� �Ä�¯�� �Ê�»�Z�´�À�Å�� �•�Y�Á

�� �{�•�Y�{�� �•�Y�€�«�� �t�˜�‡)�Ä�Ë�Á�Y�•�� �Z�]�� �µ�{�Z� �» �É�{�Z�Å�� �É�Z�Å1 �¥�Y�€�v�¿�Y�� �Á2 ���•�{�� �€�¨�•

�l�À�a���É�•�Z�¯�•�€�§ �Ã�•�Â�v�» (�€�œ�¿���•�{ �Ê�»���Ä�f�§�€�³ �{�Â�‹. ���¶�°�‹���•�{1�, �N ���•�Z� �‹

���,�•�Y�‚�]�Y�=�á ���t�˜�‡�� �µ�Z�»�€�¿�� �É�Z�f�‡�Y�•�� �•�{�� �É�€�Ì�³�•�{�� �ª�¼�Ÿ�� �½�Y�‚�Ì�»�0���,�%�.�Ü 

�Ä�˜�¬�¿�� �Ä�¯�� �•�Y�‚�]�Y�� �É�Á�€�¯�� �‚�¯�€�»�� �Ä�˜�¬�¿ ���Á�� �d�¯�€�u�� �€�Ì�ˆ�»�� �É�Á�•�� �€�]�� �É�Y

�Á���Ê�‡�•�€�]���d�v�e���d�Ì� �«�Â�»���Z�]�� �€�›�Z�À�f�» �0�Z�f�Ë�Z�Æ�¿ �5�Û ���Ä�˜�¬�¿���€�Ë�Â�•�e�%�.�Ü ���€�]

�Ä� �˜�«���t�˜�‡���É�Á�• �d�‡�Y���t�˜�‡���µ�Z�»�€�¿���•�Y�{�€�]���É�Z�f�‡�Y�•���•�{���•�Z�¯ .���¾�Ì�À�r�¼�Å

�â�ë �Á �â�ì �½�Z�Ì�] �€�³ �� �Ê�¸�•�Y�� �É�Z�Å�Z�À�v�¿�Y�Ä� �˜�«�� �t�˜�‡ �� �•�Z�¯���Ä�˜�¬�¿�� �•�{�5�Û 

�|�À�f�ˆ�Å ]12[ .���Ã�Z�´�f�‡�{�T�ç�U�ç�V�ç ���Ã�|�Ì�»�Z�¿�� �•�Y�‚�]�Y�� �c�Z�•�f�z�»�� �Ã�Z�´�f�‡�{

�Ê�» ���•�Â�v�»�� �Ä�¯�� �{�Â�‹�T�ç ���Ä�˜�¬�¿�� �•�{�� �•�Y�‚�]�Y�� �d�¯�€�u�� �€�Ì�ˆ�»�� �€�]�� �…�Z�¼�»�� �½�M

�%�.�Ü ���•�Â�v�»���Á�V�ç �{�•�Y�{���•�Y�€�«���t�˜�‡���µ�Z�»�€�¿���•�Y�{�€�]���É�Z�f�‡�Y�•���•�{���½�M .���¹�•�Ó

�Ä�] ���É�Z�Å�Z�À�v�¿�Y�� �•�Y�� �Ê�°�Ë�� �É�Z�f�‡�Y�•�� �•�{�� �•�Y�‚�]�Y�� �d�¯�€�u�� �€�Ì�ˆ�»�� �Ä�¯�� �d�‡�Y�� �€�¯�}

�•�{���t�˜�‡���Ê�¸�•�Y �œ�¿�Ã�|�‹���Ä�f�§�€�³���€ ���É�Z�Å�•�Â�v�»���¾�Ë�Y�€�]�Z�À�]���Á���d�‡�Y�T�ç ���Á�U�ç 
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Fig. 1 Illustration of the geometry of the process and used parameters 
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Fig. 3 A schematic view of the CWE region (top figure) and its map 
on the z�r�T�` diagram (bottom figure) 
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Fig. 2 A schematic view of the CWE region and its boundaries 
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Fig. 4 Differential cutting forces acting on an element of the cutting 
edges 
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���Ä�˜�¬�¿���•�Y���•�Z�¨�e�•�Y���Ä�]���d�^�ˆ�¿���\�Ë�Y�€�“���¾�Ë�Y���,�•�Y�‚�]�Y���É�Á�€�¯���€�Ì�¤�f�»���•�Y�‚�]�Y���€�‡

�|�À�f�ˆ�Å .�Z�n�À�Ë�Y�� �•�{ �^�e�� �–�]�Y�Á�•�� �•�Y�� �Ã�{�Z�¨�f�‡�Y�� �Z�]�� �Ê�‹�€�]�� �\�Ë�Y�€�“���•�Y�� �¶�Ë�|

�Ê�»���Ä�¯���¶�Ë�Z�»���Ä�]���|�»�Z� �f�»���d�·�Z�u �{�€�Ì�³���€�]���•�{���Y�•���•�Â�¯�~�»���c�Y�€�Ì�Ì�¤�e���|�¿�Y�Â�e 

�Á �Ã�€�Æ�]�� �Z�] �Ã�{�Y�{�� �•�Y�� �É�€�Ì�³ ���Ã�{�Z�»�� �É�Y�€�]�� �|�»�Z� �f�»�� �‰�Y�€�e�� �Ê�]�€�n�e�� �É�Z�Å

Ti �:Al�8V ���ž�m�€�»���•�{���{�Â�m�Â�»]2[�, �Ã�|�‹���Ä�^�‡�Z�v�» �|�¿�Y .�Ä�^�·���\�Ë�Y�€�“ ���É�Y

���{�Y�|�f�»�Y���•�{���Á���|�À�f�ˆ�Å���Ê�‹�€�]���d�Ÿ�€�‡���Á���Ã�{�Y�€�]���Ä�Ë�Á�Y�•���•�Y���¶�¬�f�ˆ�»���0�Ó�Â�¼� �»

�Ä�^�· ���d�]�Z�i���•�Y�‚�]�Y���Ê�‹�€�]���É�Z�Å�€�œ�¿���•�{ �Ê�»���Ä�f�§�€�³ �|�¿�Â�‹.  

�k�Y�€�z�f�‡�Y�� �É�Y�€�] ���É�Z�Å�Á�€�Ì�¿�� �Ä�^�‡�Z�v�»�� �Á�� �É�€�Ì�³�•�{�� �Ä�Ì�u�Z�¿�� �É�Z�Å�•�€�»

�É�•�Z�¯�•�€�§�, �¹�€�¿�� �–�Ì�v�»�� �•�{�� �Ê�ˆ�Ë�Â�¿�|�¯�� �•�Y �•�Y�‚�§�Y �\ �¸�f�»1 ���Ã�{�Z�¨�f�‡�Y

�Ã�|�‹ �d�‡�Y. �Ë�€�f�»�Y�•�Z�a���c�Z� �·�Z�˜�»���¹�Z�n�¿�Y���•�Y���¶�^�«���É�Z�Å�Z�À�v�¿�Y���€�i�Y���É�Á�•���€�]���®

�� �,�t�˜�‡�Ä�] �Á�� �Ê�n�À�‡�•�Z�^�f�Ÿ�Y �Ä�v�• �� �–�]�Y�Á�•�� �€�]�� �É�•�Y�~�³�Ä�W�Y�•�Y  �Ã�|�‹ ���Á

�¹�Z�n�¿�Y�� �Ê�ˆ�Ë�Â�¿�|�¯ �Ê�»�� �Ä�f�y�Y�{�€�a�� �Ã�|�‹ �{�Â�‹. �Ä�]  �f�]�Y�� �,�•�Â�œ�À�»�� �¾�Ì�¼�Å���Y�|

���•�Z� �‹���Z�]���€� �¬�»���Á���[�|�v�»���É�Á�€�¯���t�˜�‡���Á�{���É�Y�€�]�4= 10��mm���•�Y�‚�]�Y���,

�� �•�€�§�� �•�Z� �‹�� �Z�]�� �É�Á�€�¯�€�‡�N= 5��mm �Á �É�Y�€�] �ª�¼�Ÿ ���É�€�Ì�³�•�{

�=�á = 1��mm�, �Ä� �˜�«���Á���•�Y�‚�]�Y���É�€�Ì�³�•�{���Ä�Ì�u�Z�¿���É�Z�Å�•�€�» ���Ã�{�Z�¨�f�‡�Y���Z�]���•�Z�¯

�µ�|�»�� �•�Y �\�¸�•�� �É�•�Z�‡ �Ä�¿�Â�³2 �¹�€�¿�� �•�{ �� �•�Y�‚�§�Y�†�¯�•�9�Á�|�Ì�·�Z�‡ ���Z�]�� �Á�� �k�Y�€�z�f�‡�Y

�� �µ�|�»�� �•�Y�� �¶�•�Z�u�� �l�Ë�Z�f�¿�Ä�W�Y�•�Y  �Ã�|�‹ �ˆ�Ë�Z�¬�»�|�Ë�{�€�³�� �Ä .�� �¶�°�‹5 ���l�Ë�Z�f�¿

�Ä�] �d�‡�{ �Ê�»���½�Z�Œ�¿���Y�•���Ã�|�»�M �|�Å�{ .�¶�°�‹���¾�Ë�Y���ª�]�Z�˜�»���•�Y���¶�•�Z�u���l�Ë�Z�f�¿���,

�� �µ�|�»�Ä�W�Y�•�Y  �Ã�|�‹ �µ�|�»�� �•�Y�� �¶�•�Z�u�� �l�Ë�Z�f�¿�� �€�]�� �Ê�]�Â�y�� �d�«�{�� �Z�] ���É�•�Z�‡

�\�¸�• �Ã�|�‹���ª�^�˜�À�»���Ä�¿�Â�³ �|�¿�Y .���Á�{���•�Y���¶�•�Z�u���l�Ë�Z�f�¿���¾�Ì�]���Z�˜�y���º�¼�Ë�‚�¯�Z�»

���Z�]�� �€�]�Y�€�]�� �Á�� �€� �¬�»�� �t�˜�‡�� �Ä�]�� �•�Â�]�€�»�� �‰�Á�•��mm034/0 �Ä�¯�� �d�‡�Y ���•�{

�•�{���ª�¼�Ÿ���Z�]���Ä�ˆ�Ë�Z�¬�»�É�€�Ì�³ �Y�|�¬�»�Ê�»���Ê�°�q�Â�¯���• �|�‹�Z�].  

�d�v�•�� �h�v�]�� �Ä�»�Y�{�Y�� �•�{ �� �,�Ê�n�À�‡�|�À�Ë�Y�€�§ ���t�˜�‡�� �®�Ë�� �Ê�¿�•�•�Z�Ì�‹

���Ä�f�§�€�³�� �€�œ�¿�� �•�{�� �É�Á�€�¯�€�‡�� �Ê�f�Œ�´�¿�Y�� �•�€�§�� �•�Y�‚�]�Y�� �–�‡�Â�e�� �Ê�¬�§�Y�� �t�˜�ˆ�»

�Ê�» �{�Â�‹ .�� �¶�°�‹�� �•�{6���É�€�Ì�³�•�{�� �ª�¼�Ÿ�� �É�Y�€�]�� �É�•�Z�¯�•�€�§�� �É�Z�Å�Á�€�Ì�¿�� �,

�=�á = 1.27��mm �Ä�^�‡�Z�v�»  ���•�{�� �{�Â�m�Â�»�� �€�›�Z�À�f�»�� �l�Ë�Z�f�¿�� �Z�]�� �Á�� �Ã�|�‹

�� �ž�m�€�»]2[ �Ã�|�‹�� �Ä�ˆ�Ë�Z�¬�» �|�¿�Y .���•�Y�� �¶�•�Z�u�� �l�Ë�Z�f�¿�� �,�¶�°�‹�� �¾�Ë�Y�� �ª�]�Z�˜�»

�Ä�W�Y�•�Y�� �µ�|�»  �{�� �Z�]�� �Ã�|�‹���ž�m�€�»�� �¾�Ë�Y�� �•�{�� �{�Â�m�Â�»�� �l�Ë�Z�f�¿�� �€�]�� �Ê�]�Â�y�� �d�«

�d�‡�Y�� �ª�^�˜�À�» .�Ä�] �Ê�¼�¯�� �•�Â�œ�À�» �� �µ�|�»�� �d�«�{�� �É�•�Z�‡�Ä�W�Y�•�Y  �Ã�|�‹ ���•�{

�Ê�»���Y�•���Z�˜�y���,�Z�Å�Á�€�Ì�¿���Ä�^�‡�Z�v�» �Ä�]���½�Y�Â�e ���c�•�Â�•���Ä�˜�]�Y�•)17( ���{�€�¯���¦�Ë�€� �e

]1[.  

                                                             
1 Matlab 
2 Solid modeling 

 
 

 

Fig. 5 Comparison of the CWE boundaries calculated by the proposed 
analytical model and solid modeling method for a spherical surface: (a) 
convex, (b) concave 

�� �¶�°�‹5 �»�Ä�^�‡�Z�v�»�� �É�€�Ì�³�•�{�� �Ä�Ì�u�Z�¿�� �É�Z�Å�•�€�»�� �Ä�ˆ�Ë�Z�¬ ���µ�|�»�� �•�Y�� �Ã�{�Z�¨�f�‡�Y�� �Z�]�� �Ã�|�‹

�� �Ê�¸�Ì�¸�v�e�Ä�W�Y�•�Y  �Ã�|�‹ �µ�|�»���Á �\�¸�•�� �É�•�Z�‡ �Ä�¿�Â�³ �É�Á�€�¯�� �t�˜�‡�� �®�Ë�� �É�Y�€�]: )a( ���,�[�|�v�»

)b( � �¬�»�€  
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���Ä�˜�]�Y�•���•�{���Ä�¯)17(�, �J �½�Z�Ì�] �Ã�{�Y�{���¶�¯���{�Y�|� �e���€�³ ���Ã�•�Z�]���•�{���Z�Å�{�•�Â�» ���,�€�œ�¿

���†�Ë�Â�¿�Ó�Z�]�L �½�Z�Œ�¿ �Š�Ì�a���€�Ë�{�Z�¬�»���€�³ ���Ê�À�Ì�] ���†�Ë�Â�¿�Ó�Z�]���Á���Ã�|�‹�= �½�Z�Œ�¿ �€�³ 

���ž�m�€�»���•�{���{�Â�m�Â�»���€�Ë�{�Z�¬�»]2[ �d�‡�Y .���•�Y�|�¬�»���,�Ó�Z�]���Ä�˜�]�Y�•���•�Y���Ã�{�Z�¨�f�‡�Y���Z�]

�Z�]�� �€�]�Y�€�]�� �Z�˜�y 86/2% �Ä�] �Ê�»�� �½�Z�Œ�¿�� �Ä�¯�� �|�»�M�� �d�‡�{ �µ�Z�j�»�� �É�Y�€�]�� �|�Å�{ 

�{�•�Y�{�� �{�Â�m�Á�� �l�Ë�Z�f�¿�� �¾�Ì�]�� �Ê�]�Â�y�� �ª�]�Z�˜�e�� �Ê�‡�•�€�]�� �{�•�Â�» ���¾�Ë�Y�€�]�Z�À�]�� �Á

�Ê�» �µ�Â�»�€�§�� �Á�� �Ê�ˆ�Ë�Â�¿�|�¯�� �d�v�•�� �•�Y�� �½�Y�Â�e �� �É�|�À�]�Ä�W�Y�•�Y  �Ã�|�‹ ���É�Y�€�]

�{�€�¯�� �¶�•�Z�u�� �½�Z�À�Ì�¼�—�Y�� �Z�Å�Á�€�Ì�¿�� �Ä�^�‡�Z�v�» .�d�Ì�¼�¯ ���{�•�Â�»�� �É�{�|�Ÿ�� �É�Z�Å

�•�{�� �Ã�{�Z�¨�f�‡�Y �Ä�v�•�� �Ä�¸�u�€�» ���c�Z� �·�Z�˜�»�� �Ä�¸�u�€�»�� �¾�Ì�À�r�¼�Å�� �Á�� �É�•�Y�~�³

���µ�Á�|�m���•�{���®�Ë�€�f�»�Y�•�Z�a1 �Ã�|�‹���Ä�W�Y�•�Y �|�¿�Y. 

�†�Ë�|�À�e���t�˜�‡���É�Z�Å�Z�À�v�¿�Y���€�i�Y�� �®�Ë�€�f�»�Y�•�Z�a���Ä� �·�Z�˜�»�� �Ä�]���Ä�»�Y�{�Y���•�{ ���•�Y�Á

�Ê�»�� �Ä�f�y�Y�{�€�a�� �É�•�Z�¯�•�€�§�� �É�Z�Å�Á�€�Ì�¿�� �€�] �{�Â�‹ .�� �–�]�Y�Á�•�� �ª�^�—)2 (�� �Z�e)6(���,

�d�Ì�¼�¯���,�Ž�z�Œ�»���Ä�‡�|�À�Å���Z�]���•�Y�‚�]�Y���®�Ë���É�Y�€�] ���€�]���•�Y�~�³�€�Ì�i�P�e���5�Ê�¸�•�Y���É�Z�Å

�Ä� �˜�«���Á���•�Y�‚�]�Y���É�€�Ì�³�•�{���Ä�Ì�u�Z�¿ ���É�•�Z�¯�•�€�§���É�Z�Å�Á�€�Ì�¿���€�]���Ä�n�Ì�f�¿�•�{���Á���•�Z�¯

���É�Z�Å�€�f�»�Y�•�Z�a�â�ë���,�â�ì ���Á�=�á �|�À�f�ˆ�Å .  
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���µ�Á�|�m1 �d�Ì�¼�¯ �Ã�{�Z�¨�f�‡�Y���É�{�|�Ÿ���É�Z�Å �Ä�Ì�^�‹���•�{���Ã�|�‹ �É�•�Z�‡ �Z�Å  

Table 1 Numerical parameters used in the simulations 

�•�Y�|�¬�» 

�|�u�Y�Á ���d�Ì�¼�¯)�{�Z�¼�¿( ���Ä� �·�Z�˜�»

�®�Ë�€�f�»�Y�•�Z�a 
�Ä�v�• �É�•�Y�~�³ 

5 525/9 mm  ���•�Y�‚�]�Y���•�Z� �‹)�N( 

10 0 degree ���•�Y�‚�]�Y���µ�Z�»�€�¿���Ã�{�Y�€�]���Ä�Ë�Á�Y�•)�Ù�á( 

30 30 degree  ���•�Y�‚�]�Y���p�Ì�a�•�Z�»���Ä�Ë�Á�Y�•)�Ú�4(  

2 1 -  �Ä�^�·���{�Y�|� �e ���Ê�‹�€�]���É�Z�Å)�0�Ù( 

1000 269 rev/min  ���µ�|�À�Ì�b�‡�Y���½�Y�•�Á�{���d�Ÿ�€�‡)�3�æ(  

05/0 0508/0 mm/tooth  �€�Œ�Ì�a���Ä�]���É�Á ���Ä�¿�Y�|�¿�{���É�Y�•�Y)�B(  

  

���Z�]���€�]�Y�€�]���É�€�Ì�³�•�{���ª�¼�Ÿ���•�Y�|�¬�»���,�µ�Á�Y���Ä�¸�u�€�»���•�{�=�á = 1��mm ���•�{

���É�Z�Å�€�f�»�Y�•�Z�a�� �€�Ì�Ì�¤�e�� �Z�]�� �Á�� �Ã�|�‹�� �Ä�f�§�€�³�� �€�œ�¿�â�ë ���Á�â�ì���c�Y�€�Ì�Ì�¤�e�� �,

�Ê�»�� �Ä� �·�Z�˜�»�� �É�•�Z�¯�•�€�§�� �É�Z�Å�Á�€�Ì�¿ �{�Â�‹ .�� �µ�Á�|�m�� �ª�^�—1���•�Y�‚�]�Y�� �•�Z� �‹�� �,

���Z�]���€�]�Y�€�]�N= 5��mm �Ã�|�‹���Ä�f�§�€�³���€�œ�¿���•�{ �É�Z�Å�Z�À�v�¿�Y���¾�Ë�Y�€�]�Z�À�]���Á���d�‡�Y 

���Z�e�� �€�¨�•�� �•�Y�|�¬�»�� �•�Y�� �t�˜�‡�� �Ê�¸�•�Y�â�ë,�ì = ± 1/ �N= ± 0.2��mm�?�5 

�� �c�Z� �]�€�»�� �–�‡�Â�f�»�� �•�~�m�� �c�Y�€�Ì�Ì�¤�e�� �Á�� �Ã�|�‹�� �[�Á�•�Z�m)RMS (���¾�Ì�]

�Ä�^�‡�Z�v�»���É�Z�Å�Á�€�Ì�¿ ���µ�|�»���•�Y���Ã�{�Z�¨�f�‡�Y���Z�]���Ã�|�‹�Ä�W�Y�•�Y  �Ã�|�‹ ���Ä�v�¨�•���µ�|�»���Á

�Ê�»���Ê�‡�•�€�]���…�Z�¼�» �{�{�€�³ .���d�‡�Y���Ê�·�|�»���…�Z�¼�»���Ä�v�¨�•���µ�|�»���•�Y���•�Â�œ�À�»

���É�€�Ì�³�•�{���Ä�Ì�u�Z�¿���É�Z�Å�•�€�»���k�Y�€�z�f�‡�Y���É�Y�€�]���½�M���•�{���Ä�¯�Ä� �˜�«���Á���•�Y�‚�]�Y ���,�•�Z�¯

�†�Ë�|�À�e�� �t�˜�‡ ���Ã�{�•�� �\�Ë�€�¬�e�� �½�M�� �€�]�� �…�Z�¼�»�� �Ä�v�¨�•�� �•�Y�� �Ã�{�Z�¨�f�‡�Y�� �Z�]�� �•�Y�Á

�� �{�Â�‹)�� �Ä�]Tangent Plane �� �¶�°�‹�� �•�{1 �{�Â�‹�� �Ä�m�Â�e .(�� �¶�°�‹�� �•�{7���,

�� �€�Ë�{�Z�¬�»RMS �Ä�^�‡�Z�v�» �Ä�¨�·�R�»���É�Y�€�]���Ã�|�‹ ���É�Z�Å�(�ë���,�(�ì ���Á�(�í ���Z�]���Z�Å�Á�€�Ì�¿

���Ê�¸�•�Y�� �É�Z�Å�Z�À�v�¿�Y�� �€�Ì�Ì�¤�e�â�ë ���Á�â�ì �Ã�|�‹�� �º�‡�• �|�¿�Y .�Ä�]�� �¹�•�Ó ���d�‡�Y�� �€�¯�}

���Ã�{�Z�¨�f�‡�Y���Z�]���Z�Å�Á�€�Ì�¿���Ê�¿�Z�»�•���Ä�r�z�Ë�•�Z�e���Y�|�f�]�Y���,�€�Ë�{�Z�¬�»���¾�Ë�Y���Ä�^�‡�Z�v�»���É�Y�€�]

�� �É�€�Ì�³�•�{�� �Ä�Ì�u�Z�¿�� �µ�|�»�� �•�Y�Ä�W�Y�•�Y  �Ã�|�‹ ���®�Ë�� �•�{�� �…�Z�¼�»�� �Ä�v�¨�•�� �µ�|�»�� �Á

���k�Y�€�z�f�‡�Y���•�Y�‚�]�Y���Š�y�€�q���•�Á�{�Ã�|�Ë�{�€�³ ���•�Y�|�¬�»���†�b�‡���ÁRMS ���¾�Ë�Y���¾�Ì�]

�Ã�|�‹���Ä�^�‡�Z�v�»���µ�|�»���Á�{ �d�‡�Y.  

�� �€�Ë�{�Z�¬�»RMS �Ä�W�Y�•�Y  �Ã�|�‹ �� �•�{�� �¶�°�‹7 �½�Z�Œ�¿ ���¶�]�Z�«�� �€�Ì�i�P�e�� �Ã�|�À�Å�{

�Â�e�Ä� �˜�«���t�˜�‡���É�Z�Å�Z�À�v�¿�Y���Ä�m �Ì�¿���É�Á�•���€�]���•�Z�¯�d�‡�Y���É�•�Z�¯�•�€�§���É�Z�Å�Á�€ .

�¶�°�‹�� �¾�Ë�Y�� �É�Z�Å�•�Y�{�Â�¼�¿�� �ª�]�Z�˜�»�†�Ë�|�À�e�� �t�˜�‡�� �É�Z�Å�Z�À�v�¿�Y�� �€�i�Y�� �, ���€�]�� �•�Y�Á
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Fig. 7 RMS between the calculated milling forces by the present 
and tangent plane models 
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Fig. 6 Cutting forces in slot milling  operation with the cutting depth 
of �=�á = 1.27��mm   
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Fig. 8 RMS per Avg. value of milling forces vs. cutting depth 
(surface curvature radius is equal to the tool radius) 
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Fig. 9 RMS per Avg. value of milling forces vs. cutting depth 
(surface curvature radius is twice of the tool radius) 
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